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Viscous Interaction of Flow Redevelopment after
Flow Reattachment with Supersonic External Streams

. W. L. Chow*
University of Illinois at Urbana-Champaign, Urbana, 1l.

D. J. Springt
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A flow model has been developed to study the flow development after reattachment with supersonic external
streams. Special attention is given to the pressure difference across the viscous layer, and it is suggested that such
a flow redevelopment can be treated as a relaxation of this pressure difference. Upon correlating the pressure
difference with a slope parameter of the velocity profile, the system of equations governing the flow would
produce a saddle point singularity corresponding to the fully rehabilitated asymptotic flow condition. A method
of calculation for this flowfield, in conjunction with the matching of the upstream flow, has been derived and is
discussed. Samples of calculations are also presented. Reasonably good agreement with experimental data has

also been observed.

Nomenclature

A,B;,C.,D;, '

(i=1,2,3) = coefficient functions

C = Crocco number, C=u/V,,

EFG = functions

NINENERD = integral quantities

H = step height

hy, = backflow height within wake region

k = proportional constant

£, = length of upstream Constant pressure jet
mixing region

M = Mach number

P = pressure

S = slope parameter

u,v = velocity component in main flow and
normal flow directions

X,y = coordinates

V., = maximum speed

0 = density

B8 = angle of streamline of viscous flow

& = thickness of viscous layer within

redeveloping region .

8,0, = thickness of viscous layer above and
below dividing streamline within recom-
pression region

= dimensionless coordinate

shear stress

= dimensionless velocity within viscous
layer

0% = ratio of specific heats

A = determinant defined in text

1) = momentum thickness of boundary layer
of flow approaching the base

0, = reattachment angle (a positive quantity)

also indicating the path of dividing

, streamline
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€ = eddy diffusivity

g = spread rate parameter

Subscripts

e = freestream

b = base or backflow within the recom-
pression region

w = wall

R,R’ = values at sections R and R’, respectively

o = asymptotic state

1,1a ' = flow and freestream flow approaching
the base

2,2a = flow and freestream flow after corner
expansion

2m = upper edge of mixing layer within the
constant pressure region

d = dividing streamline

Introduction

FOR the flow of a real fluid past a blunt body, the
viscous layer attached to the wall cannot cope with the
eventual pressure rise. and separates from the solid wall
forming a wake behind the body. Since the wake pressure is
usually lower than its freestream value, a considerable portion
of the drag is attributed to this flow separation phenomenon.
A large number of research investigations have been
associated with the study of separated flow problems. Indeed,
the intensive effort carried out within the last two decades
within the high-speed flow regime has led to a much better un-
derstanding of these problems. It is generally recognized that
after the flow separates from the wall, a mixing process
(usually turbulent) under an essentially constant pressure con-
dition occurs along the early part of the wake boundary. Near
the end of the wake, the flow either reattaches to a solid wall
or realigns itself to the original flow direction, initiating a
recompressive process. Part of the fluid entrained within the
viscous layer is turned back to form the recirculatory wake
flow, while the remaining fluid is allowed to proceed down-
stream. It is thus clear that the mutual interaction between the
viscous and inviscid streams controls and influences the
solution to the problem. While the viscous flows are more or
less guided by the corresponding inviscid streams, the con-
figuration of the inviscid flow, as well as the level of the con-
stant base pressure prevailing within the nfajor portion of the
wake, are influenced by the viscous flow mechanisms.
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Since these interaction mechanisms were pointed out by
Crocco and Lees,! research on separated flows within the
high-speed flow regime has been pursued along two major
avenues. The Chapman-Korst model?? emphasizes the study
and delineation of the individual flow components of the
separated flows when they can be properly identified and the
flow solutions are reached by integrating these individual
components and considerations. Following the original idea
of Crocco and Lees,! Lees and Reeves? considered these in-
teractions from an integral approach by treating the attached
and separated flows under one single framework. Upon sup-
plementing the basic conservation principles with the moment
of momentum relationship, they showed that for separated
flows, a critical point exists immediately downstream of the
wake. The flow solution for a particular problem is obtained
when the flow passes smoothly through this critical point. In
restricting itself to small perturbations of the approaching
freestream flow conditions, this approach has yielded good
results for laminar base flow problems.

It should be pointed out that although the adoption of the
moment of momentum equation to the study of laminar
separated flows has met considerable success by Lees and
Reeves, it certainly is not the rule that should be followed for
any problem of a similar nature. Alber and Lees® employed
the same approach for supersonic flow past a backstep in the
turbulent flow regime. The base pressures obtained from their
calculations are too high and do not agree with the ex-

perimental data. Experimental observations under these con- -

ditions showed that for turbulent flow with high Reynolds
numbers, the base pressure is low and the main flow would be
directed toward the lower wall with a relatively large angle
prior to flow recompression. As a result of the streamline cur-
vature effect, a considerable difference of pressure exists
across the viscous layer in the neighborhood of the point of
reattachment. This evidence clearly indicates the inadequacy
of the ordinary boundary layer analysis for these problems.

The least explored flow components in the Chapman-Korst
model are recompression, reattachment, and redevelopment
of the flow. The recompression along the dividing streamline,
originally suggested by Korst is isentropic, was later modified
through the introduction of ‘‘recompression parameter,’
“‘recompression pressure ratio’’ by Nash,® Addy,” or ‘‘reat-
tachment correlation’” by Page.® Although these corrections
or correlations are useful in providing simple working
relations to determine base pressures, it would be of utmost
interest to investigate these flow processes in detail. Indeed,
recent attempts to study these flowfields?!! have shown that it
is possible to evaluate these flow processes in a more satisfac-
tory manner. It was.shown® that by linking the dividing
streamline velocity together with its slope of the profile, it is
possible to calculate the recompression process up to the point
of reattachment. The pressure differences across the viscous
layers were also accounted for. This method of calculations
has also been extended to study laminar flows!® and low-
speed flows. !!

The present study specifically considers the component of
flow redevelopment after flow reattachment within the tur-
bulent flow regime. Previous study by McDonald!? treated
this problem as an adjustment of the form factor of the
velocity profile within the scope of the boundary layer con-
cept. As the pressure difference across the viscous layer is not
negligible in the vicinity of the point of reattachment, par-
ticular attention is given here to this pressure difference. It is
also recognized that ordinary boundary layer flow with no
traverse pressure difference should prevail at ‘“far down-
stream’’ positions. It may thus be conceived that this process
of flow redevelopment can be interpreted as a process of
relaxation of the pressure difference acorss the viscous layer.
Once this particular character is identified, it may be ad-
vantageously exploited for the analysis of the flow. It is in-
tended here to show the employment of this relaxation
phenomenon to the analysis of such a flow process of
redevelopment. It shall become obvious that this analysis
refers to a small physical region downstream of the point of
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reattachment even when the fully rehabilitated state shall be
labelled mathematically as ‘‘asymptotic condition’’ at ‘‘far
downstream positions.”’

Theoretical Consideration

Fundamental Equations

Referring to Fig. 1, where the physical region of flow
redevelopment after reattachment is shown, one may write the
continuity, streamwise, and transverse momentum equations
for the region downstream of R’ respectively, as

3(ou) /ax+3(pv)dy = 0 (1)

pu (du/dx) + pv (du/dy) —3p/ax+37,/3y Q)

ou (9v/9x) +pv (3v/3y) —op/3y+97,,/0x 3)

Isoenergetic flowfield is assumed throughout the flow so that
consideration of the energy equation is conveniently
eliminated. One may integrate these equations across the
viscous layer to obtain
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where {=y/8, and x, 6 have been normalized by any reference
length, e.g., step height H. Upon introducing C,=u,/V,,
o=u/u,, assuming

3
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tan B=v/u=tan B,(2¢—{?) 3
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Reattaching Flow‘—‘| I—’Redeveloping Flow

Fig. 1 Flow redevelopment after reattachment.
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and neglecting the wall shear stress in Eq. (5) and the rate of
change of the shear stress integral in Eq. (6) in this flow
region, one obtains i

, d
(1-ci7t=he,  dx

d
tan B, = 7— [0/ =f1)] —

x[(I-CHl'a=DC,] )

& [uenumney, |

dcC,
+U=CH UMD CAU =)
3 y—Id \:(]_Cg)('y/‘r”@(—;—’i—])]:o (10)
16 vy dx b
and
—1 y C?

dé -1
~tan B, ~— )+ | (/—C? WV—”]
an f 1 ) [( )

ix [a—cnunnczy, | (1)

where
[t o
f;—Sop—e¢>ds°, fz—gop—ew—m dg

Lop
0 p,

fi=tan B, L er20-1) gt

It should be mentioned here that disregarding the wall shear
stress within this region is entirely justified. It is shown that
vanishing wall shear stress must occur at the point of reat-
tachment even under turbulent flow conditions. It will be seen
later that this recompression and redevelopment process will
be completed shortly after reattachment (on the order of few
-step heights), that the physical region under consideration is
indeed small, and thus, the wall shear stress could not have
significantly influenced the flow phenomenon. In addition,
early calculations on laminar flows!® showed that the wall
skin friction within this region has never overshot the
equivalent unseparated skin friction level and is indeed smalll,
while the insertion of the corresponding equilibrium turbulent
skin friction according to Spalding and Chi'? into these tur-
bulent flow calculations has made negligible influence on the
results.

For the same reason of the small physical region under con-
sideration, the lateral shear integral could not have changed
significantly; so that its influence on the pressure difference
across the viscous layer can be disregarded. This is true even
when the end of this region shall be termed mathematically as
“far downstream positions.”” It should be stressed that
ignoring the wall shear stress as well as the rate of change of
the lateral shear stress integral does not imply that the
dissipation process has been entirely disregarded. In fact, as it
will be discussed in the following section, the existence of the
shear stress (and thus dissipation) within the fluid is of
paramount importance to effect the completion of this
redevelopment-recompression process.

Velocity Profile and Correlation of the Sldpe Parameter to the
Pressure Difference Across the Viscous Layer

For a simple representation of the flow within the viscous
~layer, one may select the velocity profile as given by
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=S¢+ (3-28)2+(S-2)¢ (12)

which obviously satisfies the conditions of ¢=0 at {=0 and
¢=1, 3¢/0¢=0 at [=1. S(S=0¢/9¢l,.q) is a slope
parameter that will be correlated with the pressure difference
across the viscous layer through the following considerations.

After the flow reattaches to the wall, the main flow turns
continuously toward the horizontal direction and the pressure
rises steadily toward the original freestream value. The
viscous layer, especially the part in the proximity of the wall,
can follow such a continuous increase in pressure only when a
continuous chain of transfer of mechanical energy through
shear work is effected. It can be shown from basic dynamic
principle that a net gain of mechanical energy (and thus
coping with the pressure rise) is possible within the viscous
flowfield only if the local curvature of the velocity profile is
positive. It would imply that for the present problem of the
flow redevelopment, the coefficient of {Z in Eq. (12) should be
positive throughout the flow. On the other hand, at far down-
stream position, this coefficient must vanish as there is no ad-
ditional pressure rise. Coincidentially, the pressure difference
across the viscous layer is the largest immediately after reat-
tachment (section R’ in Fig. 1), remains to be positive
throughout the region of redevelopment and reduces to zero
when the flow is fully rehabilitated. A simple and attractive
way to correlate these two outstanding features of the flow
within this region would be that

3-25=k[(p,/p.)—1]. a3t

where k is a constant that may be evaluated from the initial in-
formation at section R “. Such a coupling would assure a con-
tinuous chain of transfer of mechanical energy toward the
wall, and the fully rehabilitated state is reached only when the
pressure difference across the viscous layer is fully relaxed.

It should be mentioned that the slope parameter S may be
alternatively coupled with the streamwise pressure gradient as
suggested from the compatibility relationship of the boundary
layer concept. Indeed, early calculations showed that it is
possible to relate S with the wall pressure gradient, and it does
not change the character of the flowfield. However, it in-
troduces complications to the calculation procedures; and the
results are not significantly different from the present results.
Since these reattaching flows always couple with the existence
of adverse streamwise pressure gradient as well as the tran-
sverse pressure difference across the viscous layer, the simpler
and more appealing coupling relation [Eq. (13)] has been
adopted.

If one ignores the effect of pressure difference across the
layer on the density of the fluid so that for isoenergetic flows,
the density ratio may be evaluated from

plpe=(1-C2)/(1-C2¢?) (14)
and the integrals f;, f,, and f; will only be functions of C,

and p,/p,. In addition, the freestream supersonic flow
follows also the Prandtl-Meyer relationship given by

. 1 [ 2 2
dc, c, Ly—1

4]
1-C? _1] (13)

Equations (9) through (11) may now be converted, after con-
siderable algebraic manipulations, into

A;(dé/dx) + A, (dC,/dx) + Az [d(p,/p.)/dx]1 =D,
B, (dé/dx) + B;(dC,/dx) + B; [d(p,/p.)/dx] =D,

C,;(dé/dx) + C; (dC./dx) + C;[d(p,,/p.) /dx] =D;
(16)

1The term on the right-hand side of this equation may be considered
as the leading term of a power series expansion.
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where ds _ (A,B; —A;B,)D;+ (B,C; —B;C;)D,
A=1—f, dC, = (A,B,—A,B;)D; + (B;C,—B,C;)D,
Dw
__6[3f1 Ji (1_ 2¢C} )] =8f(Ce, —) (192)
: (y—=1)(1-C2) Pe
Ay =—08[3f1/3(pw/pe)] d(pw/pe) _ (A;B,~A,;B,)D;+(B,C,—B,C,)D,
dc, (A3B;—A;B3)D; + (B;C; —B,C3) D,

2f, Cl
- B =6|: 11— )
: c. Y= oohu-on
1— /p,) =1
afZ + f] +3/8 (pw pe) il
ace Ce Ce
_6[6f2 3 =l 1—cg}
3(Pw/De) 16 v C?

C,=[Ci/(1-C3)] (f;—tan B,)

C:
cz_a[ 1-C2 aC,

2f3Ce Ci
1—cz Y7 Gohu-oy )]

C;=6[C2/(1—-C2)110f5/3(pw/p.))

D, =tan 3,

D2=0

D= YL (Pe o G g an
’ 27 De I—Cg ¢

Since functions f;, f,, and f; cannot be expressed in closed
form, their derivatives with respect to C, and p,,/p, can only
be obtained through numerical differentiation.

The Asymptotic State as a Saddle Point Singularity
Equation (16) would yield the values of the derivatives as

dé _ (A,B;—A;3B,)D;+D;(B,Cs—B;C;)
dx A

(18a)

dC,  D;(A3B;—A,;B;) +(B;C,—B,C;5)D,
dx A

(18b)

_ (A;B,—A,B,)D;+D,(B,C;,-B,C))

dpw/pe)  _
dx A
(18¢)
where
A A, A;
A= B1 BZ B3

Because of the autonomous character of the system of
equations, the variable x can be completely eliminated from
the system of equations and one obtains from Eq. (18)

(19b)

where £, is the residual after § has been extracted from the ex-
pression for dé/dC, . Obviously, both D, and D; vanish at the
fully rehabilitated state ( (p,,/p.) =1, B, =0), and this asym-
ptotic condition is a singularity for the system of equations.
Since Eq. (19b) is independent of 8, it would be sufficient to
investigate this equation. It is shown in the Appendix that it is
a singularity of the saddle point type.

Upon evaluating the derivatives dD;/dC, and dD,/dC, at
the asymptotic condition (identified by subscript o), one ob-
tains from Eq. (19)

d(p,,/ —F+ (F? —4EG)%
(Pw/Pe) _ ( ) 20)
dc, ® 2E :
and
1 dé ‘ _ L
§ dC, le &
v—1 d(p,/p.)
Y= (4,B Bm_}ﬂBc —B,C,) e
2y 2B;~A;3B;) ac, 2C3=B;C,) dC
d(p,/p.) ) dg
g wifel _ e
i (OB =B.C o |
2D§
where
E=(y=1)/2y(BjA3-AB;3) o
dBe ’Y—] '
F=(B;C;-B,C;) o ic. L— E" (A;B,—A,B) o
ds, ‘
—(B,C,—C,B,) o ——
(B1C2=CiB2) o go= | @2
and
ds, 1 l: 2 C? ]Vz
= | == — = _j
dc, o C., Ly-1 1-C2

according to Eq. (15).

One may now select a parametric value of k for a certain
value C, for the asymptotic condition and perform the in-
tegration Cof Eqs. (19a, b) with the initial derivatives given by
Egs. (20) and (21). Such results of integration are presented in
Fig. 2. It is interesting to note that the relationship between
p./p. and C, is independent of & and that é changes in a man-
ner such that the flow passes through a geometrical throat
without encountering any difficulty. To transform the results
back to the physical plane, integration of either Eqs. (18a) or
(18b) must be performed. It is understood, of course, that the
asymptotic condition is reached only at mathematically in-
finite, but practically finite, x, values. Indeed, it will be ob-
served from the results of calculations that this
mathematically far downstream position is only a few step
heights downstream of the point of reattachment.

§Note that the right-hand side of this equation in this form is ac-
tually independent of .
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Fig.2 Flow properties within redevelopment flow region.
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Fig. 3 Streamtube expansion and constant pressure turbulent jet
mixing.

Matehing with the Upstream Reattachment Flow

To assess the influence of this component of flow
redevelopment to the overall flowfield, the foregoing analysis
and calculations must be joined with the upstream mixing-
reattaching flow. Description of the upstream flow and the
matching or joining of these flowfields are discussed briefly in
this section. The analysis for the upstream recompression
flow follows essentially the scheme developed previously,®
but the analysis for the constant pressure developing turbulent
jet mixing process has been completely replaced. They are
discussed separately as follows.

1) Expansion at Corner and Ensuing Constant Pressure Developing
Turbulent Jet Mixing

It is well known that the initial boundary layer exerts con- .

siderable influence to the turbulent jet mixing process and this
initial boundary layer results from the expansion of the
freestream and its viscous layer approaching the base. Page'*
has observed that the original turbulent intensity within the
viscous layer has been reduced considerably as it goes through
the expansion region. It would suggest that the turbulent
mixing activities will be mainly confined within the new
mixing layer along the ‘‘jet boundary’’ and the rest of the
original viscous layer will remain unchanged until the effect
of the new mixing process is felt. (In fact, as suggested by H.
H. Korts, the initial part of the new mixing region may be
laminar until transition occurs.) If one stipulates that the
freestream would follow the Prandtl-Meyer expansion as if
the attached viscous layer does not exist, and the fluid within
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the viscous layer follows a stream tube expansion to the final
pressure, one would obtain the velocity profile (Fig. 3) within
the viscous layer at the initial section of the constant pressure
rdeveloping mixing region which is given by

U CIa [ I—Cgad)f :| ]Vz
= = + -1
¢2 Uy ¢1 ( Ia ) 1 —Cga

(23)

whose corresponding location within the viscous layer after
the expansion may be determined from the continuity
relationship

Syz dy2 :( I_Cga )”‘Y"l C]a Eyl _¢il_ dyl (24)

0§ 1-C3, Cyxn J0 ¢; 9

One now assumes that a linear velocity profile prevails
within the subsequent developing constant pressure jet mixing
region, and stipulates that at each location along the path of
the mixing region, the slope of the profile corresponds to that
of the error function profile given by

d¢/dn=1N7 @5)

where n=o0(y/x). Continuity and momentum principles are
applied to this region and it can be shown that the velocity of
the dividing streamline and the thicknesses of the shear layer
above and below the dividing streamline can be determined
from

1-C7 2C 1 )
In o= in2rCm )y
1 _Cgm C2a 2CZm 1 _CZm
X.I:S)’/m P ]/[S m  p, 6, 6,d - 26
o o 162 6 (26)
6a+5b CIaCZa [( )1/7 1
b,
Yim  p y
X S "L 019 d‘]]/
0 Pra 5,
1 1+C,,
( In 1) @n

2 CZm 1- C2m

and the correspondmg location along the length of the mixing
region is given by

X o Cyu 5,48,

= = Z LaTO% 28

5 Vi Cm o (28)
with

Cy/ Copy =8,/ (8,+8,) (29)

the dividing streamline can also be traced throughout this
region, and the shear stress along the dividing streamline may
be evaluated from

T _ 1-C}, d—x[éb(
p2au5a Cgﬂ

L 1+Ca 1)]
2Cd "7-c,

(30)

In all practical calculations, the velocity at the edge of the new
mixing layer is always less than the free streamline value (i.e.,
Cy,<Cy). An equivalent shear layer thickness above the
dividing streamline is determined by extending the velocity
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profile to the freestream value for the subsequent recompression calculations.
2) Recompression-Reattachment Processes

Calcualtions of recompression up to the point of reattachment follow precisely the scheme developed previously.® The

system of equations involved with this process will belisted here without detailed explanations.The continuity,streamwise,
and transverse momentum equations for the'shear layer above the dividing streamline are

-"—¢d§

1
6"So

tang, = = — [5 S - d [(I-CHi=1C,] 31
(1 C2)1/7 IC dX
d I p
— [(1*05)1/“’_16554 — ¢(1—¢>)ds“] +(I-C2)h1C,8,
dx 0 pe
1
S p dce _i ‘Y_I d__ [(1 CZ ¥/v— 15( _1)_:1 (1 C2 )1/7 102 (32)
dx 16 P]aula
Pa _ 2y : ) ds, 1 d I
3 =1+ ’y——l { 71— 02 (tan‘@, —tan B, ar )+ (]~Cg)7/7_1 ——dx [(I—Cg)I/’y-ICgéaSo . ¢2tan6d§‘]}‘(33)*

The velocity profile for this upper layer is given by

e

= ¢d+a e+ [pa-00 222

2|, ~20-00 |5

where (3¢/9{) |; and ¢, are proportional to each other; the constant of proportionality is evaluated from the information at the

end of the mixing region.

The connnulty, streamwise, and transverse momentum relations for the shear layer below the dividing streamhne and the back-

flow are given by

5b 4 D Cd 7 Cb 2
— w tan— /[—In(I—-C%)] 34
by T w opg (I=CHF T (I-ChH” ’ 9
-1 d Pa D ¥ cos(9,—6,) pw P P
— (6 +~hcos@,)j|+ né, L 2w Hd Fe
27 dx Pe Doy, ’ Pq b cos b, bas P Do
d Pa  Pe [ 1+Cd Pw
L4 (e b 1+ 22 yeos 6 (1= -1y ]} = I—chyin-i ¢
[pe pom b( ch I_Cd ) Pg peos (( C ) ) Prald Ia ( C ) Ca (35)
and
Dy . 2y sin 6, ‘ cos 6, Ty
Pa vy=1  (Pa/P.) (Pe/Ps,) cos (6, —86,) P1attls
, d Pa D 1 1+Cd
. I—Cza 1,7—102[1_ € ) 4 _] :H
( ‘ 7a) 7 I, Do Do b ZCd 0= c, ) (36)

where a linear velocity profile and a cosine profile are

3) Calculations of Mixing and Recompression Processes

For a given approaching flow condition (i.e., M, and 67*
/H), a pair of values of p,/p, and ¢,/ H are selected; ¢,, being
the length of the constant pressure mixing region along the jet
boundary and also identifying the beginning of the recom-
pression region. Calculations may be carried out for the ex-
pansion, mixing processes, and the system of equations for
recompression process may be integrated with the initial con-
ditions provided from the end of the mixing region. At the
point of reattachment, the wall pressure can be determined
from wake momentum equation [Eq. (35)] and its freestream
condition as well as the thickness of the viscous layer are
determined from the continuity and normal momentum
equations [Egs. (31) and (33)]. A residue is evaluated from
Eq. (32) and the value of ¢,,/H corresponding to the selected

assumed for the lower viscous layer and the backflow.

base pressure ratio p,/p; must be iterated upon until this
residue at the point of reattachment vanishes. The correct
combinations of p,/p, and ¢,/h as the solution of the
problem must, however, be determined from the con-
siderations of redevelopment.

It should be mentioned that for all results reported here, the
value of ¢ is 12, and the expression of the eddy diffusivity
along the dividing streamline for evaluation of the shear stress
within the recompression region is given by

(e/em) = (Ue/ Ue ) [ (X, + ) /80 17 (37

*Here, 3 or 3, refer to the local streamlme angle with respect to the
dividing streamline.
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where the subscript m refers to the section at the end of the
mixing region and X, represents the length along the recom-
pression region. .

4) Property Relations between Sections R and R’ and the Matching
with the Redevelopment Calculations

After the flow reattaches (Fig. 1) at section R, the viscous
layer will go through a triangular region until section R’ is
reached. It is necessary to relate the flow properties of these
two sections (R and R”) which have the same freestream con-
dition. The geometric configuration (see Fig. 4) obviously
yields .

6 =6bgcos 6,, Ax,, =6gsin 0, (38)
The continuity principle would also relate the mass integrals
of the two sections by

1

1
cos o,ga pi on di=| pi b di 39)

0
where
br =Sp {+(3=28Sp )PP+ (Sp —=2) ¢

and ¢ =3¢ —2¢, and the slope parameter Sp. may be deter-
mined from this relationship.

Upon applying the momentum principle to the triangular
region normal to the wall (Fig. 4) and neglecting the dif-
ference of the lateral shear stresses from sections R and R’,
one may evaluate the pressure difference across the viscous
layer at section R’ from :

w 5 w 2
p :2[_ P 2y Ce
b, R 8 P, IR (7—1)(1_C¢2’)
o

-[cot 6,tan BeS; ¢%(28-§) df‘R'

Pe

+§(1) :e ¢?[1—cot «9,’tan (0, +,83)(2§_§2)]dg-1k}]
(40)

Thus, for each pair of values of p,/p; and (,,/ H that satisfies
the condition at the point of reattachment, they would yield a
unique set of information at R’ (C,,., p./Per'» Sk, €tc.).
The particular constant of proportionality which will be
needed for the redevelopment calculations may be evaluated
according to Eq. (13). It is now obvious that the correct pair
of values of p,/p, and ¢,,/H for the problem would produce
the same p,,/p, value at R” when the freestream Crocco num-
ber assumes the value of C, from the redevelopment
calculations. A typical set of calculations illustrating the mat-
ching of the flowfields and yielding solutions to the problem is
given in Fig. 5.

Results of Calculations

Extensive numerical calculations have been carried out for
M, =2 and M, =1.5 with a wide range of intial momentum

Fig. 4 Viscous flow between sections R and R’
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Fig. 5 Matching of p,/p, from reattachment and redevelopment
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thickness ratio 67*/H. The resulting base pressure ratio p,/p;
are plottéd in Figs. 6 and 7 for comparison with the ex-
perimental data from various sources.!*!® (These data are
directly adopted from Ref. 5.) Results produced by Alber and
Lees® are plotted in the same figures. The detailed pressure
distribution for a particular flow case illustrating the recom-
pression, reattachment, and redevelopment processes are
presented in Fig. 8. Other interesting features, such as the
energizing and de-energizing aspects of the flow along
dividing streamline, can easily be extracted from the results of
calculations and they are not presented here.
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Discussion

1t should be mentioned that in the component approach of
studying separated flows, the data produced from the up-
stream flow component provide the initial conditions for the
subsequent flow analysis and in such detailed calculations one
cannot expect smooth transition between various flow regions
throughout the flow. In addition, due to our lack of in-
formation of turbulence, especially within the recompression
and redevelopment regions, estimation of eddy diffusivity
along the dividing streamline according to Eq. (37) can only
be based on speculation. Fortunately, this same expression is
applied for both cases of M; =2 and M, =1.5 throughout a
wide range of the initial momentum thickness ratio and
reasonably good results have been obtained. Hopefully,
future research on the turbulent structure within the recom-
pression—reattachment and redevelopment flows would im-
prove the capability of performing detailed calculations for
these regions.

The most important goal of this study is to examine the
possibility of interpreting the flow redevelopment as a process
of relaxation of the pressure difference across the viscous

layer within the supersonic flow regime. The analysis and the -

derived results fully supported such an interpretation. In ad-
dition, since the submission of the original manuscript of this
paper, additional research effort has been performed to
examine the supersonic flow past a backstep in axisymmetric
configuration.?” It has been found that the concept of
relaxation of pressure difference can indeed be adopted to
predict the base pressure and to describe many special features
associated with axisymmetric flows (e.g., effect of sting, over-
shoot in static pressure on the sting).

It may be concluded that: 1) The redevelopment after flow
reattachment is an equally important flow component in the
Chapman-Korst model. 2) The flow redevelopment process
may be interpreted as relaxation of the pressure difference
across the viscous layer. 3) Upon adopting such an in-
térpretation, the fully rehabilitated state is a saddle-point
singularity of the system of equations which provides the
-closure condition for the Chapman-Korst model.

Appendix: The Asymptotic State as a
Saddie-Point Singularity
Equation (19b) is written as
dpw/p.) _D;(A;B,—A,;B,)+D,(B,C,—B,C,)

= (Al
dcC, D;(A3;B,—A;B;)+D,(B;C;—B,C3) )
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where
=1  pu Ci
D,=tan 8, D;j=——(— —=1)—
1 69 3 27 ( pe ) ]_Cg

tan? 3,

Since D, =0 and D;=0 at the asymptotic state, it is a
singularity of the equation. If one integrates Eq. (A1) toward
downstream with slightly different conditions, widely dif-
ferent values and divergent trends are observed. This suggests
that the asymptotic state is a saddle-point singularity. To
establish its true behavior in the vicinity of the asymptotic
state, detailed examination is required.
Upon rewriting Eq. (Al) as

d(p./p.) _ pDs+aqD,

dc, rD; +sD,

and restricting to small deviations from the asymptotic state,
one obtains the linearized version of Eq. (A2) as

dy/dx= (tx+uy)/ (vx+wy)

where

P [ 2 cl ]]‘/2
C, Ly—11-C
u=[(y—1)/2y1ps
Soo 2 c? v
=t
C., Ly=1 1-C
w=[(y—1)/2vy)r,
where
y=lww/p.)-11 x=C,—C,

PoosGosTw, and s, are their respective functional values at
the asymptotic condition, and the relationship

Ceg Be

ComCop =~ [ 2 C? v

—_— Tt

y=1 I1-C%_

has been introduced

Since Po,Gw,re, and s, are complicated functions of the
flow properties and the partial derivatives of the integral
quantities at the asymptotic state, considerable effort would
be needed to establish their values and their trends. Instead,
straight forward numerical evaluations are employed, and the
results show that the quantity (uv—t¢w) is negative for all
supersonic Mach numbers (up to M, =10), which is the
necessary and sufficient condition for a saddle-point
singularity.

References

I'Crocco, L. and Lees, L., ‘A Mixing Theory for the Interaction
between Dissipative Flows and Nearly Isentropic Streams,”” Journal
of Aerospace Science, Vol. 91, Oct. 1952, pp. 649-676.

2Chapman, D. R., Kuehn, D. M., and Larson, H. K., “In-
vestigation of Separated Flows in Supersonic and Subsonic Streams
with Emphasis on the Effect of Transition,”” NACA TN 3869, March
1957.

3Korst, H. H., “A Theory for Base Pressures in Transonic and
Supersonic Flow,” Journal of Applied Mechanics, Vol. 23, Dec.
1956, pp. 593-600.

4L ees, L. and Reeves, B. L., ““Supersonic Separated and Reat-
tachment Laminar Flows: 1. General Theory and Application to
Adiabatic Boundary Layer/Shock Wave Interactions,”” 4144 Jour-
nal, Vol. 2, Nov. 1964, pp. 1907-1920.



1584 W.L. CHOW AND D.J. SPRING

5 Alber, 1. E. and Lees, L., ““Integral Theory for Supersonic Tur-
bulent Base Flows,”” AIAA Journal, Vol. 6, July 1968, pp. 1343-1351.

6Nash, J. F., ““An Analysis of Two-Dimensional Turbulent Base
Flow Including the Effect of the Approaching Boundary Layer,”
National Physical Lab., England. NPL Aero Rept. 1036, July 1962.

7Addy, A. L., “Experimental-Theoretical Correlation of Super-
sonic Jet on Base Pressures for Cylindrical Afterbodies,”” Journal of
Aircraft, Vol. 7, Sept.-Oct. 1970, pp. 474-477.

8Page, R. H., Hill, W. C., Jr., and Kessler, T. J., “Reattachment
of Two-Dimensional Supersonic Turbulent Flows,”” ASME Paper 67-
F-20, presented at the Fluids Engineering Conference, Chicago, Il1.,
May 1967. .

9Chow, W. L., “Recompression of a Two-Dimensional Supersonic
Turbulent Free Shear Layer,”’ Development in Mechanics, Vol. 6,
Proceedings of the Twelfth Midwestern Mechanics Conference,
University of Notre Dame, Ind., Aug. 1971, pp. 319-322.

108pring, D. J., “Supersonic Laminar Flow Reattachment and
Redevelopment behind a Two-Dimensional Rearward Facing Step,”’
Ph.D. thesis, Dept. of Mechanical and Industrial Engineering,
University of Illinois at Urbana-Champaign, Urbana, Ill., 1972.

1 Chow, W. L. and Spring, D. J.; “The Viscous Interaction of In-
compressible Separated Flows,”” Tech. Rept. RD-73-22, U.S. Army
Missile Command, Redstone Arsenal, Ala., Aug. 1973.

2McDonald, H., “An Analysis of the Turbulent Base Pressure
Problem in Supersonic Axisymmetric Flows,”” The Aeronautical
Quarterly, Vol. XVI, May 1965, pp. 97-121.

13gpalding, D. M. and Chi, S. W., “The Drag of a Compressible
Turbulent Boundary Layer on a Smooth Flat Plate With and Without
Heat Transfer,”” Journal of Fluid Mechanics, Vol. 18, Jan. 1964, pp.
117-143.

14page, R. H. and Sernas, V., “Apparent Reverse Transition in an
Expansion Fan,”” AIAA Journal, Vol. 8, Jan. 1970, pp. 189-190.

15Gadd, C. E., Holder, D. W., and Regan, J. D., “Base Pressures
in Supersonic Flow,”” ARC 17, Aeronautical Research Council, Mar-
ch 1955, p. 490, National Physical Laboratory, England.

16Girieix, M. and Solegnac, J., ‘“‘Contribution a I’Etude Ex-
perimentale de la Couche de Melange Turbulent Isobare d’un
Ecoulement Supersonique,”’ AGARD Specialists’ Meeting on

AJAA JOURNAL

Separated Flows, von Karman Institute, St. Genese, Belgium, May
1966, pp. 10-13.

Hastings, R. C., “Turbulent Flow Past Two-Dimensional Bases
in Supersonic Streams,”” TN Aero 2931, Dec. 1963, Royal
Aeronautical Establishment, Farnborough, England.

18Beastall, D. and Eggink, H., ‘‘Some Experiments on Breakway in
Supersonic Flow, Part II,”” TN Aero. 2061, Nov. 1951, Royal
Aeronautical Establishment, Farnborough, England. :

19Winbrow, W. R., “Effects of Base Bleed on the Base Pressure of
Blunt, Trailing Airfoils at Supersonic Speeds,”” RM A54 A07, March
1954, NACA.

20Morrow, J. D. and Katz, E., “Flight Investigations at Mach
Numbers from 0.5 to 1.7 to Determine Drag and Base Pressures on a
Blunt Trailing Edge Airfoil and Drag of Diamond and Circular Aro
Airfoils at Zero Lift,”” TN 3548, Nov. 1955, NACA.

- 21Goin, K. L., “Effects of Plan Form, Airfoil Section and Angle of
Attack on the Pressures Along the Base of Blunt Training Edge Wings
of Mach Numbers of 1.41, 1.62, and 1.96,”” RM L52D21 (M.O.A.
TIB 3324), Sept. 1952, NACA.

22Galtzman, E. J., “Preliminary Base Pressures Obtained from the
X-15 Airplane at Mach Numbers from 1.1 to 3.2,”” TN D-1056, Aug.
1961, NACA.

BWhite, R. A., “Turbulent Boundary Layer Separation from
Smooth Convex Surfaces in Supersonic Two-Dimensional Flow,”’
Ph.D. thesis, 1963, Dept. of Mechanical Engineering, University of
Hlinois, Urbana, I1l.

24Badrinarayan, M. A., ‘“‘An Experimental Investigation of Base
Flows at Supersonic Speeds,”” Journal of the Royal Aeronautical
Society, Vol. 65, July 1961, pp. 475-481.

25Rebuffet, R., “Effects de Supports sur ’Ecoulement a I’ Arrierre
d’un Corps,”” Rept. 302, March 1959, AGARD.

26Roshko, A. and Thomke, G. J., “Flow Separation and Reat-
tachment Behind a Downstream Facing Step,’’ Rept. SM-43056, Jan.
1964, Douglas Aircraft Co., Huntington Beach, Calif.

by Weng, C. H., ‘““Base Pressure Problems as Associated with
Supersonic -Axisymmetric External Flow Configurations,”” Ph.D.
thesis, Department of Mechanical and Industrial Engineering, Univer-
sity of Illinois at Urbana-Champaign, Urbana, I11., May 1975.



